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Let E be a ﬁnite dimensional linear space over an algebraically
closed ﬁeld k of positive characteristic, G = GL(E), and P a parabol-
ic subgroup of G such that G/P is a projective space over k. Let G1
be the Frobenius kernel of G and T a maximal torus of P . We will
determine the G1T -structure on all G1 P -modules induced from 1-
dimensional P -modules. They are, in particular, all multiplicity-free
and uniserial.
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1. Introduction
Let G be a reductive algebraic group over an algebraically closed ﬁeld k of positive characteristic p,
P a parabolic subgroup of G , T a maximal torus of P , and G1 the Frobenius kernel of G . In case P is
a Borel subgroup B of G , the G1B-modules induced from 1-dimensional B-modules are the standard
objects of study in the representation theory of G . For those induced from p-regular 1-dimensional
B-modules Lusztig’s conjecture on the irreducible characters for G predicts the structure of their G1T -
socle series [1]. In [5] we started a study for general parabolic subgroups with G of rank at most 2.
In this paper we will determine the structure in case G/P is a projective space.
Thus, let E be a k-linear space of basis e1, . . . , en+1, G = GL(E), P = NG(ken+1), so G/P is iso-
morphic to the projective n-space over k, T a maximal torus of P consisting of diagonal matrices,
and ΛP the character group of P . Let ∇ˆP = indG1 PP be the induction functor from the category of P -
modules to that of G1P -modules, which we call Humphreys–Verma induction. We will show for any
λ ∈ ΛP that ∇ˆP (λ) as G1T -module is multiplicity-free and uniserial (3.3). To avoid technicalities, let
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the G1T -Lowey length, i.e., the length of the G1T -socle series, of ∇ˆP (ε) is n + 1. Let soci ∇ˆP (ε) be
the ith G1T -socle layer of ∇ˆP (ε). Deﬁne a T -character εi , i ∈ [1,n + 1], by diag(a1, . . . ,an+1) → ai ,
i ∈ [1,n + 1]. We will ﬁnd
soci ∇ˆP (ε) = L(νi) ⊗ p(i − 1)εn+1,
where L(νi) is a simple G-module of highest weight νi = (1− i)εn−i+2 − (p − 1)(εn−i+3 + · · · + εn+1).
For that we will sheaﬁfy ∇ˆP (ε) over G/G1P and exploit its T -equivariant decomposition obtained
in [3]. If F is the absolute Frobenius endomorphism of G/P and if q : G/P → G/G1P is the natural
morphism, one has a commutative diagram of schemes
G/P
F
q
G/P
G/G1P
φ
with φ an isomorphism, though not an isomorphism of k-schemes. It was a fundamental observation
by Haastert [2] that one has an isomorphism F∗OG/P  φ∗LG/G1 P (∇ˆP (ε)).
Let us now try to put the result into a hopefully proper context. Thus back to a general reductive
group G let Λ be the character group of T and R the root system of G relative to T . We choose
a positive system R+ such that the negative roots are among those of P , and let Rs be the set
of simple roots of R+ . If W (resp. WP ) is the Weyl group of G (resp. P ) and if W P = {w ∈ W |
(w) (wx) ∀x ∈ WP } with the length function  on W relative to the simple reﬂexions sα , α ∈ Rs ,
one has a decomposition W =⊔w∈W P wWP . We let Wp = W  pZR act on Λ by the dot action •:
∀x ∈ Wp , ∀λ ∈ Λ, x•λ = x(λ+ρ)−ρ with ρ = 12
∑
α∈R+ α. Let Λ1 = {λ ∈ Λ | 〈λ,α∨〉 ∈ [0, p[ ∀α ∈ Rs},
w0 (resp. w0,P ) the longest element of W (resp. WP ), and put wP0 = w0w0,P . If G is semisimple and
if p > h the Coxeter number of G , ∀w ∈ W , ∃!εw ∈ Λ1: εw ≡ w • 0 mod pΛ, and ∀x ∈ Wp , ∃!w ∈ W :
x • 0 ≡ εw mod pΛ. We abbreviate εe as ε, which is 0. Let now soci ∇ˆP (ε) be the ith G1T -socle layer
of ∇ˆP (ε). If L(w) is the simple G-module of highest weight εw , w ∈ W , one has a decomposition
of G1P -modules
soci ∇ˆP (ε) =
∐
w∈W
L(w) ⊗k G1Mod
(
L(w), soci ∇ˆP (ε)
)
,
where G1Mod(L(w), soci ∇ˆP (ε)) denotes the set of morphisms of G1-modules from L(w) to
soci ∇ˆP (ε). In [5] we found for G of rank at most 2 that the G1T -Loewy length of ∇ˆP (ε) is (wP0 )+1,
that
soci ∇ˆP (ε) =
∐
w∈W P
L(w) ⊗k G1Mod
(
L(w), soci ∇ˆP (ε)
)
,
and that ∀w ∈ W P , G1Mod(L(w), soc(w)+1 ∇ˆP (ε)) = 0. Our result (3.4) veriﬁes these patterns in case
G/P is a projective space.
We note ﬁnally that if τ is the antiinvolution of G ﬁxing T pointwise and exchanging each root α
with −α, the τ -dual of ∇ˆP (ε) is Dist(G1)⊗Dist(P+1 ) ε, where Dist(H) for an algebraic group H denotes
the algebra of distributions on H and P+ is the parabolic subgroup opposite to P . Over the ﬁeld
of complex numbers Dist(G) ⊗Dist(P+) ε is a generalized Verma module of highest weight 0 and its
composition factors have highest weights w−1 • 0, w ∈ W P .
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Let us ﬁrst ﬁx the notations to be used throughout the rest of the paper. We will let k denote an al-
gebraically closed ﬁeld of positive characteristic p, E a k-linear space of basis e1, . . . , en+1, G = GL(E),
P = NG(ken+1), B a Borel subgroup of P consisting of lower triangular matrices, and T a maximal
torus of B consisting of diagonal matrices. Put P = G/P . There is an isomorphism of k-schemes
P → Pn
k
the projective n-space over k via g → [gen+1]. We will identify the character group Λ of T
with Z⊕n+1 via the basis εi : diag(a1, . . . ,an+1) → ai , i ∈ [1,n + 1]. Then the root system of G rela-
tive to T is given by R = {εi − ε j | i, j ∈ [1,n + 1], i = j}. We choose a positive system of R to be
R+ = {εi − ε j | i, j ∈ [1,n + 1], i < j}, so the set of simple roots are Rs = {εi − εi+1 | i ∈ [1,n]}. For all
i ∈ [1,n] put αi = εi − εi+1 and ωi = ε1 + · · · + εi . We set also ω0 = 0 and ωn+1 = ε1 + · · · + εn+1.
Then ΛP = Zεn+1⊕Zωn+1. As ωn+1 is equipped with a structure of G-module, to determine the G1T -
module structure on ∇ˆP (λ), λ ∈ ΛP , we may assume λ ∈ Zεn+1. We will identify the Weyl group W
of G with the symmetric group Sn+1 permuting the εi , i ∈ [1,n+1]. If L is the standard Levi subgroup
of P and R+L is the positive system of roots of L,
W P = {w ∈ W ∣∣ wα > 0 ∀α ∈ R+L }= {(i i + 1 · · · n + 1) ∣∣ i ∈ [1,n + 1]}.
For each P -module M let L(M) denote the locally free OP -module associated to M . In particular,
Serre’s twisted sheaf on Pn
k
is given by OP (1) = L(−εn+1).
(2.1) Let A = S(E∗) be the symmetric algebra of E∗ over k and A¯ = A/(ap | a ∈ E∗). Let x1, . . . , xn+1
be the basis for E∗ dual to e1, . . . , en+1. If r = r0 + pr1 with r0 ∈ [0, p[ and r1 ∈ Z, recall from [3] an
isomorphism of OP -modules
F∗
(OP (r)) n∐
i=0
OP (r1 − i) ⊗k Vi(r)(−1) with Vi(r) =
∐
j∈[0,p[n+1
| j|=r0+pi
kx j, (1)
where x j =∏n+1i=1 x jii and | j| =∑n+1i=1 ji if j = ( j1, . . . , jn+1), and Vi(r)(−1) is Vi(r) as an abelian group
but with k-action given by ξ · v = ξ p v , ξ ∈ k, v ∈ Vi(r). We let G act on A and on A¯ contragrediently.
Thus each x j is assigned weight −∑n+1k=1 jkεk , and transferring to G/G1P , the isomorphism (1) is
made T -equivariant:
q∗
(OP (r)) n∐
i=0
LG/G1 P
(−p(r1 − i)εn+1)⊗k Vi(r). (2)
If Xk is a root vector of the Lie algebra of G associated to the root εk − ε such that the (s, t)-entry
of Xk is δ(s,t),(k,) ∀s, t ∈ [1,n+ 1], then
Xk : x j →
{
− jk x j xxk if jk  1,
0 otherwise.
(3)
We transport the G-module structure on the (r0 + pi)th homogeneous part of A¯ to Vi(r).
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(i) Vi(r) = 0 iff r0 + pi  (n + 1)(p − 1), in which case V i(r) is irreducible over G1 with highest weight
vector
v+i (r) = xr0+i+−pn+1−−i
n+1∏
k=n+2−−i
xp−1k
for  ∈ N such that i ∈ [(p − 1) − r0, ( + 1)(p − 1) − r0] of weight
−(r0 + i +  − p)εn+1−−i − (p − 1)
n+1∑
k=n+2−−i
εk
= (r0 + i +  − p)ωn−−i +
{
(p − 1) − (r0 + i +  − p)
}
ωn−−i+1 − (p − 1)ωn+1 ∈ Λ1.
(ii) For each k ∈ [0,max{i ∈ [0,n] | Vi(r) = 0}] one has Vk(r) = 0.
(iii)
∑n
i=0 dim Vi(r) = pn.
Proof. (i) and (ii) are immediate from (3) while in (iii)
n∑
i=0
dim Vi(r) = rk F∗
(OP (r))= pn. 
(2.2) For all k ∈ [1,n + 1] we choose
ε(k k+1 ··· n+1) = (n + 1− k)ωk−1 +
(
p − (n + 2− k))ωk − (p − 1)ωn+1
= (k k + 1 · · · n + 1) • 0+ p(ωk −ωn+1).
Corollary. Let r ∈ Z and write r = r0 + pr1 with r0 ∈ [0, p[. Let m = max{i ∈ [0,n] | Vi(r) = 0}. For each
i ∈ [0,m] let  ∈ N such that i ∈ [(p−1)− r0, (+1)(p−1)− r0] and put λi = (r0 + i+(1− p))ωn−−i +
((p − 1)(1+ ) − r0 − i)ωn−−i+1 − (p − 1)ωn+1 . Then there is an isomorphism of OP -modules
F∗
(OP (r)) m∐
i=0
OP (r1 − i) ⊗k L(λi)(−1).
In particular, if p  n + 1,
F∗OP 
n+1∐
k=1
L((n + 1− k)εn+1)⊗k L(ε(k k+1 ··· n+1))(−1).
3. Humphreys–Verma modules
(3.1) Let RL be the set of roots of the standard Levi subgroup of P , U
+
P a unipotent subgroup of G
generated by the root subgroups Uα , α ∈ R+\RL , P1 (resp. U+P ,1) the Frobenius kernel of P (resp. U+P ),
and let Dist(H) be the algebra of distributions on algebraic group H . Recall from [4, II.9.2] an isomor-
phism of G1P -modules
∇ˆP (−rεn+1)  Dist(G1) ⊗Dist(P1)
(−rεn+1 − 2(p − 1)ρP ) ∀r ∈ Z,
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spaces
Dist(G1) ⊗Dist(P1)
(−rεn+1 − 2(p − 1)ρP ) Dist(U+P ,1)⊗k (−rεn+1 − 2(p − 1)ρP )
with Dist(U+P ,1) having a basis
∏
α∈R+\RL X
(kα)
α , kα ∈ [0, p[, X (kα)α = X
kα
α
kα ! .
We will need the following commutator relations in Dist(G1): ∀i, j ∈ [1,n + 1] with i < j,
[X−αi , Xαi+αi+1+···+α j ] = Xαi+1+···+α j ,
[X−α j , Xαi+αi+1+···+α j ] = −Xαi+···+α j−1 ,
[Xαi+···+α j−1 , Xα j ] = Xαi+···+α j ,
and hence ∀k ∈ N+ ,
X−αi X
(k)
αi+αi+1+···+α j = X (k−1)αi+αi+1+···+α j Xαi+1+···+α j + X (k)αi+αi+1+···+α j X−αi ,
X−α j X
(k)
αi+αi+1+···+α j = −X (k−1)αi+αi+1+···+α j Xαi+···+α j−1 + X (k)αi+αi+1+···+α j X−α j ,
Xαi+···+α j−1 X
(k)
α j = X (k−1)α j Xαi+···+α j + X (k)α j Xαi+···+α j−1 .
Recall also that
X−αi X
(k)
αi = X (k)αi X−αi + X (k−1)αi
(−Hαi − (k + 1) + 2) with Hαi = [Xαi , X−αi ].
(3.2) Let r ∈ Z and i ∈ [0,n]. If Vi(r) = 0, ∃ ∈ N: i ∈ [(p−1)− r0, (+1)(p−1)− r0] and the lowest
weight of Vi(r) is by (2.1)
w0
{
−(r0 + i +  − p)εn+1−−i − (p − 1)
n+1∑
k=n+2−−i
εk
}
.
Accordingly, consider now an element v−i+1(r) in Dist(U
+
P ,1) of weight
w0
{
−(r0 + i +  − p)εn+1−−i − (p − 1)
n+1∑
k=n+2−−i
εk
}
− p(r1 − i)εn+1 + rεn+1 + 2(p − 1)ρP
= {( + 1)(p − 1) − i − r0}(αi++1 + · · · + αn)
+ (p − 1){(αi++2 + · · · + αn) + · · · + (αn−1 + αn) + αn}.
We will take for each j ∈ [1,n+ 1]
v−j (r) = X ((+1)p−r0− j−)α j++···+αn
n− j−∏
k=1
X (p−1)α j++k+···+αn
if r0 + pj  (n + 2)p − (n + 1) and j ∈ [(p − 1) − r0 + 1, ( + 1)(p − 1) − r0 + 1],  ∈ N.
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(i) Each nonzero v−j (r)⊗1 is primitive in Dist(U+P ,1)⊗k (−rεn+1−2(p−1)ρP ), i.e., annihilated by all X−α ,
α ∈ R+ , of weight
w0
{
−(r0 + j − 1+  − p)εn+2−− j − (p − 1)
n+1∑
k=n+3−− j
εk
}
+ p( j − 1− r1)εn+1.
(ii) If v−j (r) = 0 with j  2, then v−j−1(r) ⊗ 1 ∈ Dist(G1)(v−j (r) ⊗ 1) \ 0.
Proof. (i) If j ∈ [(p − 1) − r0 + 1, ( + 1)(p − 1) − r0 + 1],
v−j (r) = X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn
with (+1)p−r0− j−∈[1, p−1]. We have only to examine the effects of X−α j+ , X−α j++1 , . . . , X−αn
on v−j (r) ⊗ 1. If j +  < n, by a commutator relation from (3.1)
X−α j+
(
v−j (r) ⊗ 1
)
= X−α j+ X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn ⊗ 1
= (X ((+1)p−r0− j−−1)α j++···+αn Xα j++1+···+αn + X ((+1)p−r0− j−)α j++···+αn X−α j+)X (p−1)α j++1+···+αn · · · X (p−1)αn ⊗ 1
= 0 as Xα j++1+···+αn X (p−1)α j++1+···+αn = 0 and as X−α j+ ∈ Dist(P1).
Likewise X−α j++1 , . . . , X−αn−1 annihilate v
−
j (r) ⊗ 1. Also
X−αn
(
v−j (r) ⊗ 1
)= {(−X ((+1)p−r0− j−−1)α j++···+αn Xα j++···+αn−1 + X ((+1)p−r0− j−)α j++···+αn X−αn)
X (p−1)α j++1+···+αn · · · X (p−1)αn
}⊗ 1
= −(( + 1)p − r0 − j − )X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
+ X ((+1)p−r0− j−)α j++···+αn X−αn X (p−1)α j++1+···+αn · · · X (p−1)αn ⊗ 1
= (r0 + j + )X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
+ {X ((+1)p−r0− j−)α j++···+αn (−X (p−2)α j++1+···+αn Xα j++1+···+αn−1 + X (p−1)α j++1+···+αn X−αn)
X (p−1)α j++2+···+αn · · · X (p−1)αn
}⊗ 1
= (r0 + j + )X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
− (p − 1)X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn X (p−1)α j++2+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
+ X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn X−αn X (p−1)α j++2+···+αn · · · X (p−1)αn ⊗ 1
= (r0 + j +  + 1)X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
+ X ((+1)p−r0− j−)α +···+α X (p−1)α +···+α X−αn X (p−1)α +···+α · · · X (p−1)αn ⊗ 1j+ n j++1 n j++2 n
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= (r0 + n − 1)X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
+ X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X−αn X (p−1)αn ⊗ 1
= (r0 + n − 1)X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn ⊗ 1
+ {X ((+1)p−r0− j−)α j++···+αn X (p−1)α j++1+···+αn · · · X (p−1)αn−1+αn(
X (p−1)αn X−αn + X (p−2)αn (−Hαn − p + 2)
)}⊗ 1
= {{(r0 + n − 1) + (−r0εn+1 − (p − 1)((n + 1)ωn − nωn+1))(−Hαn ) + 2}
X ((+1)p−r0− j−)α j++···+αn X
(p−1)
α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn
}⊗ 1
= {{(r0 + n − 1) + (−r0 − (n + 1) + 2)}
X ((+1)p−r0− j−)α j++···+αn X
(p−1)
α j++1+···+αn · · · X (p−1)αn−1+αn X (p−2)αn
}⊗ 1
= 0,
as desired. Likewise if j = ( + 1)(p − 1) − r0 + 1.
(ii) is immediate from the construction. 
(3.3) Theorem. Let r ∈ Z and write r = r0 + pr1 with r0 ∈ [0, p[. Let m = max{i ∈ [0,n] | r0 + pi  (n +
1)(p − 1)}. We regard ∇ˆP (−rεn+1) as G1T -module.
(i) The Loewy length of ∇ˆP (−rεn+1) is m + 1.
(ii) For each j ∈ [1,m + 1] let  ∈ N such that j ∈ [(p − 1) − r0 + 1, ( + 1)(p − 1) − r0 + 1] and put
λ j = (r0 + j + (1− p))ωn−− j + ((p − 1)(1+ ) − r0 − j)ωn−− j+1 − (p − 1)ωn+1 . Then
soc j ∇ˆP (−rεn+1)  L(λ j−1) ⊗ p( j − 1− r1)εn+1.
Proof. Let ˆ−(?) = Dist(G1)⊗Dist(B1)?. For each j ∈ [1,m + 1] there is by the primitivity of v−j (r) ⊗ 1
an epi of G1T -modules
ˆ−
(
w0
{
−(r0 + j − 1+  − p)εn+2−− j − (p − 1)
n+1∑
k=n+3−− j
εk
}
+ p( j − 1− r1)εn+1
)
→ Dist(G1)
(
v−j (r) ⊗ 1
)
.
As the head of
ˆ−
(
w0
{
−(r0 + j − 1+  − p)εn+2−− j − (p − 1)
n+1∑
k=n+3−− j
εk
}
+ p( j − 1− r1)εn+1
)
is L(λ j−1) ⊗ p( j − 1− r1)εn+1,
[∇ˆP (−rεn+1): L(λ j−1) ⊗ p( j − 1− r1)εn+1] 1.
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m∑
i=0
dim L(λi) =
m∑
i=0
dim Vi(r) = pn = dim ∇ˆP (−rεn+1).
It follows that ∇ˆP (−rεn+1) is multiplicity-free of the composition factors L(λ j−1)⊗ p( j − 1− r1)εn+1,
j ∈ [1,m + 1]. The assertions now follow from (3.2)(ii). 
(3.4) In particular, with ε = 0 ∈ ΛP ,
Corollary. If p  n+ 1, ∇ˆP (ε) is a G1T -module of Loewy length (wP0 )+ 1 = n+ 1 such that ∀i ∈ [1,n+ 1],
soci ∇ˆP (ε) = L(ε(n−i+2 n−i+3 ··· n+1)) ⊗ p(i − 1)εn+1.
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